Semiconductor quantum dots (QDs) have been demonstrated to be versatile candidates to study the fundamentals of light-matter interaction [1] [2] [3] . In contrast with atom optics, dissipative processes are induced by the inherent coupling to the environment and are typically perceived as a major obstacle towards stable performances in experiments and applications [4] .
Semiconductor quantum dots (QDs) have been demonstrated to be versatile candidates to study the fundamentals of light-matter interaction [1] [2] [3] . In contrast with atom optics, dissipative processes are induced by the inherent coupling to the environment and are typically perceived as a major obstacle towards stable performances in experiments and applications [4] .
In this paper we show that this is not necessarily the case. In fact, the memory of the environment can enhance coherent quantum optical effects. In particular, we demonstrate that the non-Markovian coupling to an incoherent phonon bath has a stabilizing effect on the coherent QD cavity-quantum electrodynamics (cQED) by inhibiting irregular oscillations and boosting regular collapse and revival patterns. For low photon numbers we predict QD dynamics that deviate dramatically from the well-known atomic Jaynes-Cummings model. Our proposal opens the way to a systematic and deliberate design of photon quantum effects via specifically engineered solid-state environments.
Semiconductor QDs, coupled to a photonic cavity, exhibit signatures of strong coupling [5] when the electron-photon (el-pt) interaction outrivals the combined dipole decay rate and cavity loss. In contrast to fundamental atom-photon interfaces [6] , a key factor to the understanding of observed phenomena in the semiconductor cQED regime is the interaction of electrons with the QD host material. The inherent many-body properties of a solid-state, in particular the electron-phonon (el-pn) interaction, lead to often undesired decoherence, where the superposition of otherwise distinct quantum states becomes lost and information about the system is carried away into the surrounding of the embedded QD [7] . In principle, this seems to put limits on the prospects of the wide field of quantum information processing and communication [8] . However, it has been shown that in photosynthetic systems, for example, the quantum-coherent excitation transfer in Fenna-Matthews-Olsen (FMO) antenna complexes is not only resistant to dephasing [9] , but is actually supported by thermal fluctuations of the molecule [10, 11] . This sparked a lively debate over its implications for evolutionary biology, energy technologies and quantum information [12] .
It is also known that lattice vibrations in semiconductor nano structures can give rise to new effects not known in atomic quantum optics, nor in Markovian treatments of the semiconductor environment, e.g. phonon-mediated offresonant cavity feeding [13, 14] , formation of phonon-assisted Mollow triplets [15] and temperature-dependent vacuum Rabi splittings in cavity emission spectra [16] . Very recently im- pressive experiments were realized which could steer the transition from Markovian to non-Markovian dynamics and thus the flow of information between an open system and its environment [17] .
Expanding on these exciting developments we report on how non-Markovian coupling to an environment can be exploited to boost quantum optical features: The memory effects of an incoherent bath of harmonic oscillators induce astonishing pattern formations in the coherent collapse and revival (CnR) phenomenon of the QD electron density dynamics in a nanocavity. The CnR phenomenon results from the interference of different Rabi frequencies (Jaynes-Cummings ladder contributions). The presented effect further challenges the widely adopted notion that the environmental coupling, responsible for decoherence, constitutes a substantial drawback that needs to be overcome. The very same coupling does not destroy, but rather facilitates and stabilizes the otherwise fragile quantum effect of CnR, in particular at the few-photon level, and hence lifts the restriction of the high photon numbers needed in atomic systems to initiate stable CnRs.
To provide a basis for discussion of solid-state effects on an equal footing, we start by introducing an approach to a two-level system interacting with (i) photons and (ii) phonons, which encompasses the well-known Jaynes-Cummings model (JCM) and non-Markovian pure dephasing effects, respectively.
We consider an InAs/GaAs self-assembled QD with well separated quantum confined electronic states, i.e valence (v) and conduction (c) shell. This effective two-level system is embedded in a single-mode photonic cavity and can interact with both, the quantized lattice vibrations of the QD host matrix and the cavity photons, see Fig. 1 . Particularly, we will focus on the interaction of electrons with longitudinal-acoustic (LA) phonons via deformation potential coupling, dominating at low temperatures [18, 19] . The investigation will explore the temporal dynamics of the ground and excited QD states, since they are directly experimentally accessible in measurements of the photocurrent of a single-QD photodiode [20] or extractable from the photon density of a cavity with output coupling [21] .
The dynamics of the relevant expectation values is derived via the Ehrenfest theorem
The Hamiltonian of our model includes the free energy of noninteracting electrons, cavity photons and bulk phonons:
with electron creation (annihilation) operatorsâ i (â † i ) in shell i =v,c. Usually, the respective quantized energieshω i = ε i are obtained within the effective mass approximation. The frequency of the fundamental cavity mode is ω 0 andĉ (ĉ † ) create (annihilate) a corresponding photon. Phonons with wave vector q are described by operatorsb q andb † q . Their modes have a linear dispersion ω q = c s · |q|, where c s is the speed of sound. The el-pt interaction is treated within dipole and rotating wave approximation [22] :
with an optical coupling strength of M = 100 µeV. Finally, the band diagonal interaction of bulk phonons with the conduction shell QD electrons is given bŷ
Note, that the phonon bath is initially in equilibrium with the unexcited QD system. The coupling elements g q = g c q − g v q are given in the Methods section. In the same section, details are given on how to derive a general set of coupled differential equations, which allows on to determine the electron dynamics â † câc . The relevant dynamical quantities needed are the photon-assisted ground and excited state density G m = â † vâvĉ †mĉm X m = â † câcĉ †mĉm , as well as the polarization P m = â † vâcĉ †m+1ĉm . The number of involved photons is labeled by m.
We focus on a situation that starts with an inverted QD, i.e. G m (t 0 ) = 0 and X 0 (t 0 ) = 1, and a coherent photon state with a mean photon number N = 3.5 [23] . Further details on parameters and initial conditions are found in the Methods section as well.
Before investigating the coupled electron, photon, and phonon dynamics, we benchmark our model and derive the exact solution of the coherent-state JCM [24] by neglecting the el-pn interaction. For a cavity and QD on resonance due to the low initial photon number of N = 3.5 in our model, the first CnR cycle is not completed and after 10 ps the system drifts into irregular fluctuations with a standard deviation of σ = 0.026 around the mean value of 0.5, indicated by the shaded area. This behavior can be explained as follows: When the photon field is in a Fock number state with exactly m photons and on resonance with the fundamental QD transition, the electronic density oscillates between the ground and excited state S m (t) = cos 2 (Ω m t) with the quantized Rabi frequencies (RFs) Ω m = M √ m + 1. However, for an initially coherent field mode, expressed as a superposition of these number states, the typical Jaynes-Cummings solutions S m (t) for the initially occupied excited state X 0 are averaged over the probability distribution P(m): X 0 (t) = ∑ m P(m)S m (t). The Poissonian distribution P(m) = exp(−|α| 2 )|α| 2m /m!, which describes coherent photon states, exhibits a sharp peak at the mean photon number |α| 2 = N (in our simulation N = 3.5) and forms a quantum wave packet having certain reoccurrence times. Consequently, CnRs occur, cf. Fig. 2 (a) [24] . This behavior relates directly to the quantized nature of the cavity field c, c † = 0: Typically, only discrete frequencies Ω m around the mean photon number N interfere, which are initially (at t 0 ) prepared in a definite state and therefore start a correlated dynamics. With increasing time the superimposed discrete RFs exhibit an increasing phase shift and destructive interference is inevitable. However, this collapse is followed by a revival of the excited state oscillation, when neighboring RFs differ by 2π: 2(Ω m+1 − Ω m )T R ≈ 2π, with
N as the revival time [24] . The dynamics of this revival phenomenon strongly depends on the mean pho- ton number: For high photon numbers, the impact of spontaneous emission processes is weak, i.e. the mixing of the superimposed RFs is negligible and the initially correlated state is recovered. As a result, many CnR events are visible (e.g. for N = 100, not shown). If the mean photon number is small, as in Fig. 2 (a) , the initial correlated state is not recovered and the excited state dynamics becomes highly irregular in a quasi-irreversible manner [24] . Now, we turn to the specifics of the light-matter coupling in a solid-state environment. When including phonons, the conduction shell electron density shows a strongly modified time evolution, see Fig. 2 (b) . Remarkably, the coupling to the phonon bath boosts coherent interference signatures: Depending on the temperature, CnRs survive for much longer times, e.g. for 50 K up to 80 ps (not shown here) before fading out. Finally, note that the fluctuation amplitude is greatly reduces by 50 % to a standard deviation of σ = 0.013 for 4 K and even lower to σ = 0.010 at 50 K.
The counter-intuitive behavior of an incoherent bath of phonons supporting coherent features and suppressing seemingly random oscillations can be understood by investigating in detail the coherent polarization P m of the coupled el-pt-pn system, which drives the dynamics of X m and vice versa.
As an instructive example, consider a simpler case of a QD that interacts solely with its host material and not with the quantum light field, first. Here, the band-diagonal coupling to the phonon bath will lead to so-called pure dephasing, i.e. a destruction of the phase coherence of the bare initial twolevel systems polarization p = â † vâc without relaxation of the excited state occupation. Figure 3 shows how phonons induce an ultra-fast temperature-dependent decay of the polarization on a ps time scale. In contrast to a pure exponential decay, as obtained by introducing a simple T 2 -time, the initial dephasing in Fig. 3 (a) reveals the non-Markovian nature of the systembath coupling [25] by a quadratic decay at t = 0 and a clearly non-exponential behavior. Indeed, the memory kernel of the electron-phonon (el-pn) interaction [26] persists for up to 4 ps, independent of the bath temperature, see Fig. 3 (b) .
Turning back to our cavity-QED model, the same decoherence happens to the photon-assisted coherences P m = â † vâcĉ †m+1ĉm via their coupling to the phononic system, see equation (7) in the Methods part. These polarizations are the sources for the electronic CnRs. Exemplary, the temporal dynamics for m = 0, i.e. â † vâcĉ † , is shown in Fig. 4 . When no phonons are considered (a) undamped and, at later times, chaotic oscillations (black line) occur after a first CnR event, continuously driving the photon-assisted electron densities X m . In contrast, Fig. 4 (b) (orange line) shows how phonons affect the coherent dynamics by inducing a dephasing each time a revival emerges. However, due to the temporally finite interaction memory kernel, see Fig. 3 (b) , P m can revive on a picosecond time scale.
In essence, the phonon bath neutralizes the phase shift between the neighboring RFs, which occurred during the el-pt dynamics, and effectively resets the RFs phase relation to recover the initial correlated state. Therefore, the initial CnR event is repeated and subsequent revivals can arise, only with a decreased amplitude, since the phonon bath introduces a loss channel in the system. We emphasize that this behavior is not seen when, instead of the full non-Markovian system-bath coupling, only a simple phenomenological dephasing constant γ phen is used, which resembles the Markovian contribution. The effect of a decay with γ phen = 0.1 ps −1 is presented in Fig. 4 (a) by a thin yellow line on top of the undamped JCM solution (black line). Clearly, the oscillation amplitude gets damped. However, unlike including phonons, compare the orange line in Fig. 4 (b) , no patterns in the chaotic fluctuations emerge, since a constant damping rate cannot re-phase the increasing shift between the RFs. Hence, only the non-Markovian nature of the el-pn coupling allows for a boost of the CnR phenomena.
Under what terms and conditions do we expect to observe this effect? Like for high mean photon numbers (N > 100), a very strong el-pt coupling will suppress the phonon-induced gain of coherence, since the electron-bath interaction becomes negligible. Qualitatively, the stabilization of CnRs depends on the ratio between the light-coupling M and the q-sum of the effective el-pn coupling G := ∑ q |g q | 2 . If the effective el-pn coupling G is larger than the RF Ω N = M √ N + 1, revival times in the semiconductor are substantially elongated and longer observable, e.g. in GaAs G/Ω N ≤ 50. We predict a considerably large effect in the few-photon limit.
Since the effective coupling G depends on the material parameters, the temperature of the bulk, and geometry of the QD, semiconductor technology is capable of engineering CnRs with predefined, desired properties. Going even further, using the environment to prolong electronic coherences may give solid-state systems the critical technological edge to realize algorithms for coherent quantum information processing. Investigating quantum optics with QDs might even advance our understanding of energy transfer in more complex situations, e.g. photosynthesis.
To summarize, the influence of a bath of bulk LA phonons on the coherent dynamics of a QD two-level system in the cQED regime was explored. The well-known random oscillations in the electronic occupation, typical in the atomic JCM for low photon numbers, where altered significantly. Instead, due to LA phonons inducing a non-Markovian dephasing and thus resetting the coherence time, regular collapse and revivals arise and last for up to 100 ps depending on temperature.
Methods Dynamics. The general set of coupled equations that determine the electron dynamics are obtained via a method of induction [27] , when using the complete HamiltonianĤ =Ĥ 0 +Ĥ el-pt +Ĥ el-pn and equation (1):
The (photon-assisted) ground state density G m = â † vâvĉ †mĉm is solely driven by the photon-assisted polarization P m = â † vâcĉ †m+1ĉm via the el-pt coupling, as is the excited state density X m = â † câcĉ †mĉm . The polarization experiences a free rotation due to a possible detuning ∆ = ω g − ω 0 of the QD gap energy ω g = ω c − ω v and cavity resonance. We can furthermore account for additional broadenings, observed in experiments, by introducing γ phen [28] . However, a cavity loss κ is not included here, as it merely reduces the amplitude of all involved quantities equally, which has no relevance to our principle findings.
Besides the spontaneous emission of photons (∝ mX m−1 ), crucial for Rabi oscillations, equation (7) includes a coupling to phonon-assisted polarizations P m + (q) = â † vâc c †m+1 c mb † q and P m − (q) = â † vâcĉ †m+1ĉmb
q , too. The dynamics of P ± is solved within a Born approximation, where electronic and phononic variables factorize. This yields a closed set in terms of the el-pn coupling
where the mean phonon number n q = b † qbq occurs. For temperatures well below 100 K, as considered here, a second-order Born approximation is well validated to solve the occurring hierarchy problem in the el-pn coupling, as can be seen by comparison to exactly solvable models [19] and experiments. To explore the high-temperature regime, terms beyond second-order must be included or other approaches employed [18] .
The phonons of the homogeneous semiconductor material are modeled as a reservoir of harmonic oscillators, which introduces a temperature dependence to the dynamics via the thermal Bose-Einstein distribution function n q (T ) = (exp[hω q /{k B T }] + 1) −1 . The coupling to the bath will affect the coherent properties of the photon-assisted polarizations P m over time and lead to a non-Markovian pure dephasing, which cannot be accounted for by introducing the simple, constant dephasing time T 2 = γ −1 phen alone. The complete set of equations equation (5-9) is, however, not closed in terms of the photon number (m). Therefore, depending on the coupling strength M, a sufficient high order in m is taken into account to reach convergence in the calculations. Thus the obtained solution is numerically exact and renders, in the absence of el-pn coupling, the JCM [29] .
To have a fair comparison to the JCM, we accounted for the polaron shift in the QD resonance ∆ pol = ∑ q |g q | 2 /ω q by accordingly detuning the cavity, so that both, QD and cavity, are on resonance again. If ∆ pol would not have been compensated, a higher RF and smaller amplitude would have resulted. We carefully checked our model for detuning effects: Including a strong phenomenological dephasing γ phen allows for a Fourier transformation. A spectral analysis of P 0 (ω) showed that the involved RFs in both, the phonon-free JCM and the phonon cases, are essentially in the same spectral range.
Initial conditions. The initial state of the photon expectation values is derived in dependence of the (given photon statistics and) mean photon number N. The cavity is prepared in a coherent photon state with a mean photon number N = 3.5 and thus ĉ †mĉm = ∑ n N n (e N n!) −1 n|ĉ †mĉm |n = N m . Initially the QD is inverted, i.e. G m (t 0 ) = 0.0 and X 0 (t 0 ) = 1.0. The complete density operator ρ considers the electron-ρ el and photon system ρ pt , and reservoirs ρ r (LA phonons and dissipative photon modes). Initially at time t 0 , ρ factorizes ρ(t 0 ) = ρ el (t 0 ) ⊗ ρ pt (t 0 ) ⊗ ρ r (t 0 ). Consequently, the photonassisted excited state factorizes X m (t 0 ) = X 0 (t 0 )N m . No coherence is present P m (t 0 ) = P m ± (t 0 ) = 0. The initial state of the phononic bath is determined by the temperature of the system.
Numerical parameters. Phonon coupling element |g q | = |g 
